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Today popular GNN archits that can be

expressed in conv form
MPNN

ACN

ChebNet

graphSAGE
GATS

Recap ANNS

A ANN is a sequence of
L layers of the

form

ve Ed Saxe Henk

Xe 6 Ue



where S is the aso
e.g

S A L

et Rude

He a IR
del de

6 IR IR nonlinear e.g ReLU
and X X Y Ige X s X

y He k
e r

This is a convolutional GNN it is based

Tasp
amazing

theoretical

propertieswhich explain their practical success from them
But it is general enough to encompass a

majorityof the most popular architectures in

use thesedays

Message passing
neural networks MPNNs gilmer

et al

Each
layer

consists of 2 operations



1 message me Er Me Cali Cx Aij
lieu

2 update xe Ue cxeli me

As
long

as Me is linear message
can be expressed as a

graph
convolution

e.g
Me exe Cxe Aij α Xe βAigexe

Gjerci

me axe βA xe graphconvolutionwith K 2
S A no α hiβ

as long
as Ue is the composition

of a pointwise nonlinearity 6 with a

linear fan on me Cxe can be expressed
as GNN layer



yer

e.g Ue Exe me i 8 α exes β me i

ten path.ie EEra t is a K 2
NL

βB
β'a

Ex from the perspective of learning the weights
ha h or α α

ββ what is different

Graph convolutional networks Kipf Welling
ACNs 2017

A ACN layer is given by

exes Era He

X s graph can with

K 2 Heo 0

pointwistlinearity S D n AbinDfin He He



Abin is the binary
Abin A o adj

advantages in Python

only one local diffusion step
simple interpretable
normalization

bydegree avoids exploding
vanishing gradients

disadvantages
only one diffusion step
no edge weights
only supports S A

no self loops unless present in A

even if self loops no abilityto weight Xe13
e it je Nci differently

on Chebnets Defferrard et al 2017

Fast implementation of
h X ÉÉhR

Laplacian



which we already know is the spectral
domain representation frequency responseof
the
graph

convolution the weights hr are the
same

Learning
in the spectral domain provides

an inductive bias for learning localized
spectral filters e.g

learn afilter localizedfix around X 7

t.tt7 to 7s Xy X

Howevertranslating
back to the spectral domain

is exy sive

we need to compute GFT x x ̅ Vtx
the inverse GFT of a x x ̅ y vast x ̅

G cost of 2 additional mu multiplications
cost of eigendecomposition of L

Solution Chebyshev polynomials
In

conventionalSP filters based on these polynomials
I



y
have better cutoff behavior in the spectraldomain

compared with polynomial filters
I e
say

we want to approximate
the following lowpass filter
n

me

it ill
X X X X X to c

Using a If hexk requires more coeffs

for the same quality of approx than the

Chebyshevpolynomial approx

h x ÉÉ ar Tra

i e for the same approx quality K CK

The Chebyshev polynomials can be efficiently
calculated

using
the
following

recurrence



g g
To X 1 satisfy Tn cost cos ne

Tn X
X 2X Tr X Try X

Why is Chebyshev expansion
better than

Taylor expansion
in this case

Chebyshev polynomial expansion minimizes Los
norm 11 1 a Max Ixil over the approximation interva

while Taylor series is aleal approximation
around same x ̅

check the
Chebyshev equioscillationtheorem

for the formal statement proof

Further the polynomials To Ta Ta are

orthogonalso the orthonormal basis comes

forfree
with respect to the inner product

fig fat ftp
1



Pf tncxl.tmexlq.tn
case

If sing

sina.seltmlaseldf.FIf
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Fleeing do
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Kiki



if nfm then we get
2

1faces
Imtn e 2cos M m e do

a

Hence we get orthogonality forfree

no need to implement in the spectral domain

Hence we get orthogonalityforfree
no need to implement in the spectral domain

Chebnet layer 6 É tr E Xe He r
24 I to ensure spectra btw C 1,1

advantages disadvantages

fast cheap unstable

localized spectral filters s restricted to L

difficult to interpret
in node domain



Graph SAGE Hamilton Ying
Leskovac 2017

Each SAGE layer implements the following
operations

Ue AGGREGATE Xe jeni

Xe 6 CONCAT Xe 1 i Cua He

exesi
it

The standard AGGREGATE operation is an average
over Ni Letting H I we get

g
S D AD

Veli En e it Lse
Gbinary

Xe 8 xe.nlUe3 6 Xe_ Ho Set a

6



convolutional Ann w

K 2

equivalent to ACN the only difference is the

nodewise normalization which helps

in some cases
empirically

SAGE implementations allow for a varietyof
AGGREGATE funitions including max no longe

look at Nli as a sequence I LSTM convolutiona

lose perm equiv
same advantages disadvantags as ACN

Obs the authors of SAGE popularized the AGGREGATE
UPDATE representationof anvs k 2

update
Xe 6 sxe Hr

G aggregate


