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Topics filter design
spectralfilters
filter learning

statisticallearning ERM

typesof learningproblems
ongraphs
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we want to design a lowpass filter
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LP filter bandwidth

Is this function analytic
But we can oftenfindgood analytic approximations ofdialytic
functions

For Heavisidefunctions such as the LPF agoodapprox

is the logisticfunction
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we can writemy analyticfor as a graph conv

Is there an easier
way

to design such afilter

Spectralgraphfilters S vev
DEF 1

align or learn
these coeffs
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Suppose we want a LPfilter with bandwidth 7



often such filters are designed not based on an

eigenvalue threshold 7 but on an indexthreshold

e.g j 3 above

In modern applications we have moved
awayfromsystem

engineering to learning systems from
data

DmThe supervised statistical learning problem

y
are assumed to be relatedby

a statistical modelp xy
we want to predict y from x withthe conditionaldist n

y plyx stochastic outputs thinkVAES diffusion models

we want to predict y from with the conditional
expectation y E y x deterministic outputs classicalregsupervisedlearning

In practice we can only estimate these quantities
using a model j fix fe F f comes from a

function or hypothesis class

E.g F fat ax 6 1 96 IR

pick f
Define a lossfunction lly j measuring the rest of
predicting

2 fix when the output is y



Minimize the expected loss over distribution p x y
ft

f argmin ecy.fix
feF Play

this is the statistical risk minization problem
Theoptimalestimator is thefan f with min expected costover all f e f

DrEmpirical Risk Minimization

In practice we don'thave access to the dist n p x y
only to samples Y x y

ft argmintffecyi.fi
feF ERM

this is the empirical risk minimizationProblem

we're minimizing the empirical mean

Typical losses are the quadratic L loss l yz 211

for regression estimation problems and the

0 1 less ely z 1 lyft forclassification problems
indicatorfin

or its differentiable surrogates such as crossentropy
logisticlesses



TheERM problemmight
have a closed form solution like

in linear regression but in modern ML it is solved

using optimization algorithms
such as SAD or ADAM

look up the depts NL option option forDS classe
an cux option in ECE

or Back to filter learning
where do our filters fit into in ERM

They form the hypothesis class F

We see primarily 3 types of learning problems on
graphs

graph signal processingproblems

Thegraph a is the data support fixed
Data ER YER Assuming x

y plxy
we

regress signals y on predictor signals

E
g G is US weathe

stationnetwork

ledges encode
geographic

proximity

S A



YTER y EIR

Y are recorded temperatures today samedaylastyear
Y

2 yrsago
PER

are recorded temperatures 3 months prior to today er

ERGoal predict Februarytemps fromNovembertemps Yoy

Hypothesis class graph convs F z É hrs are 1k

Problem may 1st 11 y If hesexin
Application temperature forecasting

predict Feb 2026 temps y from Nov 2025 temps x
as y Et hrt s x

graph
level problems

In these eachgraph a represents a predictor thereare
multipleGs associated w an obsu yEY

Assume a
yplay we

regres y
on a
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goal predict the numberof Δ's incidentto eachnode foranygraph.az as
at
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Hypothesis
class F f's hrs 1 1hr EIR S A

sine there are nograph
signal

obsus

Problem
main

ecÉ has't y e is a surrogate

regina

Application automate triangle counting

Abs Both are supervised learningproblems sometimes
called transductive learningproblems noneofthe testinputs are
seen at trainingtime

Node level tasks or inductive learning or semisupervised
learning

Thegraph G is once again the data support

each a i Cy p xy
I.e each node is treated as a

sample We assume we only observe y for a nodesetfcand estimate y for je Ulf from Exti ie v

Eg
consider the contextual SBM
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with nodefeatures covariates x Ff Yi u Zi

7k In
Conditioned on u Yi
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Goal predict yi if Ulf from Xi if V

Hypothesis class graph canus F z ÉÉ hrs are 1k

Problem Define a mask My 0,13 81 Mg1n 11g
1 My 1T

main I ecmey.MGdhrskI some surrogate

of a 1 loss

Application infer
node's class community identity locally

i e without needing comm det clustering techniques which



require eigenvectorsglobalgraphinformation

Obs This problem is an exampleof inductive learning becausethetest data jeolf predictors are seen at trainingtime


