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Today Graph
convolutionalfilters EEtatiEariance

FeEqesensYitgomain rep

Besides diffusing signals on graphs analyzing their

spectrum whatelse can we do with graphsignals
n Process filter them into desired outputs

Learn representations of graphs graphsignals

E.g
Filter out all signal components with frequency abovesame threshold

Fill in a signal with missing node entries

given a molecule graph predict same molecular

propertyleg ability to act as a drug

The basic buildingblock to process signals is thegraphfilter

IDEF A linear graphfilter is defined as an operator

H IR IR X y H S HE 12

I e a graph filter is a linearmapfromgraph signals to

graphsignals



What are potential issues with suchfilters
Theydo not incorporate the graph sparsitypattern
i j in connected components Hij to doesn'tmakesense

5 3 I Sigx Easij's Hx Euhjxj
not suitable for dist systems

The number of params is n badfor largeG
Once we design it it onlyworks forgraphsof size n

Solution Linearshiftinvariant convolutional graphfilters

IDEF y HCS x If heskx ha he ER

filter coeffs or taps

Properties

2 Locality filter
is local

y ÉÉhe s x If he 5 Ef hrs z hox

Ef has SET hex If hr5k2g h z t hex

I Is JenI
In El It

y



Recall Zk sep 1 is a local operation

y is computed from K t successive localoperations

aggregations LOCAL

2 Shiftequivariance
Let y HCS x Assume Sx Is y Sy

Pf y His x hrs Sx Ether5kt'x

sE.mg
sy

If is shifted diffused y is shifted
in the same

way

3 Permutation equivariance matrix

suppose we relabel nodes v afnj nj pinn
tation matrix PE 913 P 1 151

tptp.y
given 5 and this corresponds to

s p sp Px

What happens to y His x

y His x ÉÉhkcpsp x Éarpskftpx

PÉÉ hrs x Py



I e if S x are permuted relabeled y is permuted relabele

in the same way

4 Spectral frequency representation

given S V1 v recall I
aftag.fi

verse Gft

what is j j v y v Ii arsk x
V'ÉÉhrSk vx ̅

EEhrv.cn
Emtvtt

Eiohrv t x ̅ ÉÉhrtx ̅

I e in the spectial frequencydomain we have

j ÉÉRI x ̅
so that the spectral representation frequency responseofHCS is

HCS Ejhank
Note that

The filter freq response onlydepends on coeff her
on the eigenvalues 1

É w 5 w I definedbyhlxl EEhrx
HCs7 h s HTS ace H s a 5 etc



IFS is pointwise in spectral domain

Y ÉÉherxik x

i e the ith spectral componentof outputy onlydepends
on Xi CI

Ttifilffitiie
i a It I

5 Expressivity whatfunctions can HIS represent

Let's say
we want todesign

a filter with s ctral

response f if can this be implemented as

a graph
convolutional filter

Yes as long as f is analytic Iggfugitis
w convergent

Eg fix e a x
Taylorser

hex f o X f c If Kg
ho flat e



f x 261 e f c fte hi 2ft

f x f x a e get

f d f fie
etc he If la

HS Edhe sk

obs We can and in practice will truncate K This corresponds

to the order k Taylor approximation of fax
What are the limitations of the above expressivityresult

it is speitual idoes not apply to graph domain

it does not take into account SCal

In general we want to answer the question
can we use HCS to represent or approximate

any signal representation y

Let S E R E R Find ha he sit Y H S x y



Recall j air x ̅ j hr s x ̅

y ÉÉher cisi
in six six

fi
six six

i

ima a

7 X X 7

as tl id

sniffff y2 Xa Xn x.tt
R

1st assumption
vandermonde matrix v

diag is inv

x ̅ 0 i

fuktaspan
all deter Infxi tj



In the simplest case k n we onlyneed the
Vandermande

matrix to have an inverse This happens when all ti are

distinct as detlul I n Xi tj
Forarbitrary k the Rouché Capellitheorem states
that a LS with n equations in K unknowns is

Engstate'd neat a
then amiff the ranks of V and the

Hence if x ̅ 0 i

it xj i j therealwayix xi ti tf2 7 xi x exist Ken coeffs hit

if sit y is

I amXi th tyg


