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Today interpretation ofgraph Laplacian
TV of graph signals
graphfrequencies

oscillation modes

Graph Fourier Transform

graph
convolutions

E g Interpretation of the left graph Laplacian
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the graph Laplacian generalizes differentiation to

arbitrarygraphs
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g Interpretation of

the normalizedsymmetric Laplacian

consider once
again the

5 sample discrete time

graph signal

In DSP the total variation
energyof DT signals

is defined as TV lxi xi.it

It is a
proxyfor

the signalfrequency
and in fact can be used to estimate it
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TV x Lx generalizesthe notionof Ital variationenergy
and thusof signal frequency to arbitrary graphs



On The Graph Fourier Transform Aft

Recall TV x xᵗLx Assuming
11 112 1

what are the lowest mgest valuesTUK can take
Let 7 In be the eigenvalues ofL orderedbyincreasingvalue
Since C 1 0 and L is PSDI Ex prove

X 0 X2 3 Xn

Then 7 TVX Xn
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The Laplacian eigenvalues are thegraph'scanonicalfrequencies

theeigvectors are corresponding ascillation modes
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Since in L URV V is orthonormal its dumns

the eigenvectors or oscillation modes form a basis

of IR
This means we can representanygraph signal
in this basis

More
generally this is true not justfor the Laplacian who

is symmetric and thus always diagonalizable butforany
diagonalizable Gso S

E.g adjacencies of
undirectedgraphs

adjacencies of directed graphs RW adjacencies
Lapt w eigs

Laplacians w eigs
Obs Even if the S is notdiagonalizable we can still express

graph signals on its generalized eigenvector basis

from the Jordan normalform

DEF Given a diagonalizable aso s Vrv and a

signalthe projection of onto V is called s

graph Fourier transform

GFT x x ̅ V1 y x ̅ E R

x ̅ vi x Cui x



s

1 T
Y

QQ
a in S

Je

s
e 2

I
first

a
e.ie

pfgv

feIiIti
n

e 211

e
1
7 20

123

1275

The GFT of x is then
Ex show the
above step by

cir e é step

1g If in e Int Discrete FT

look it up



The GFT generalizes the DFT in Euclidean space
to the graph signal spare

06s In general the interpretation of the adjacencyeigen
Talues as graph frequencies is not as clean as it

is for the Laplacian eigenvalues eigenvectors of A L

don't match ingeneral and there is no alternative
TV definition in terms of A

But inpractice it isgenerallytruethatlowmagnitude adjacency

eigenvalues correspond to highgraphfrequencies and vic
versa

When considering the normalized versionsofthe adjacency
Laplacian respectively the eigenvectors are the same

but the adjacency eigenvalues should NOT be

interpretedas graphfrequencies
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