


































































Lecture 16 EN 553.744 Prof Luana Ruiz

on Graphon signal processing

A graphon signal isdefined as a function

R a 1 IR ER

we focus on signals in La R E L2 Ca 1

Rca du B is

finiteenergy signals

Like a
graphon graphon signals are limits of convergent

sequences of graph signals

Induced graphon signals Let can Xn be a
graph

signal The induced graphon signal is defined as

Wn is as in in Lec 15

Rn u in J u E Ij





































































T is indicator for If 8 11 I fjen I

cut it j n

E.g
3 Wn

Ffla i
soos.IE kam

I p

Convergent sequences ofgraph signals

A sequence of graphsignals an Xn
converges

to the graphon signal W X if a sequence

of permutations Tim such that for all motifs F

t F an t F W





































































Rancan k 11 0

We write can xn W R

the permutation seq is independent of
node labels

we could do w o them completely by
defining a cut distance forgraphonsignals
this is done in Levie 2023 However since

we are operating w signals in La we

will stick with this defn for now

the
graphon shift operator

The
graphon

w can be used to define an

integral linear operator

Tw L co 1 Ca 13

R TwR

TwR W u K a du





































































This is a Hilbert Schmidt operator
it is continuous compactn

agandatstTubsets with

compactclosure

It is a HS operator because W is bounded

so it is in La

It has its norm Tullis 11Wh

Tw is called the graphon win a dado
shift operator because it diffuses
graphon signals over thegraphon

The graphan Fourier transform WFT

Besides being a HS operator and thus

compact Tw is self adjoint due tosymmetryof W
Twx Y CR

TwY





































































Spectral theorem for self adjoint compact
operators on Hilbert spaces it

Forevery such
T an orthonormal basis

of It consisting of eigenfunctions of T
This basis fi is countablyinfinite
with corresponding real eigenvalues Xi i

satisfying Xi 0

In our case T Tw and H L2 0,1

The function y co 1 IR is an eigenfonof
Tw with eigenvalue if

Twy 7.4 Sv Xv

There are infinitely many such x f pairs
possibly w geometric multiplicity larger than

one but the eigenpairs are countable

Xi Yi 13





































































Since the Yi form an orthonormal they
have unit norm Yill Yin due

to We can write the graphan W in the

basis Spi as

W air If Xi fila pier
S Vev

Eigenvalue range since of Wes

11Twila 1 which means the eigenvalues of
Tw lie in C 1,2 Tully 1 the onlypossibleaccumulation point is 0 c f spectraltheorem

we will leverage this to order the eigenvalues
as Xj jez so with

x f x 2 so x x





































































e.g

I
I
li

eigenvalue accumulation at 0 and only ate
also means that forany

c 70

x Hilze no is

Eigenvalue convergence

TAM Let Cann be a sequence converging
to

a
graphon

W Then

adjacency

5m 7ft Xj w lies Tun

graphoninduced
by An





































































Pf sketch

Ww u v IT An j JCUE Ii J re I

An Unhunt therefore

Twn flu Wn u v flu du X y o

An ijJCuEI.IT vEIj Ylu du XYlv

Ei An ijJ uE Ii p u du XYLVE Ij

An ij
TCue Ii p u du xylu E Ij

XY o Ij É An ij J uE Ii flu du

InstantVEI





































































Y is a stepfunction f r E Ij xj

Rewrite as Xx f An if
Xx 1 Anx Xj Tun

Ifan
j

For
convergence t Cr Gn Is x

Cr Gn Cr W

We are finally ready to define the graphon
Fourier transform

Note that Twk can be written as

Tw 2 v w u v Klu du

Ego 754in pj u Rfu du

Ego j Yi u klukp.lu du





































































Exo 7 Yifu CR pj

I.ee repremtthe signal k in the

graphon eigenbasis

The change of basis is the graphan Fourier

transform

DEF The graphon FT of a graphon signal
W R is a functional x ̅ WFT R

x ̅ x ̅ t kculy.lu du

Since the Xj are countably the WFT is

always defined

DEF The inverse WFT IWFT is defined as

iWFT R Eye j ps D

We recover 2 due to orthonormalityof Y
iWFT is a proper inverse




































































































































