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At medium frequencies Lipschitz
At lowfrequencies arbitrarily thin
At high frequenciesflat lose discriminability

C controls discriminability at mediumfregs
but does not affect it close to 0 larb thin nomatter c

or for large flat no matter c

Onto the proof integral Lipschitzfilters are

stable to scalings dilations
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We can control C design stable filters
low c or learn them while penalizing
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Yet regarless of
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integral Lipschitz filter

becomes non discriminative for large 7
in convolutions it's the price we

payfor
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2 Additive perturbations

5 ste E S S OCHEIGE

problematic as 5 P'SP might lead
to HE117 0

Additive perturbations modulo permutations

Define ECs 5 E Pt5p STE PEP

Given 5 error is E w the smallest norm

É argmin
EEess 5

E i.e

Éll a

operator distance
module permutations



graph
convolutions are stable to additive

perturbations provided they have Lipschitz
spectral response
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assume h is Lipschitz with constant C
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Back to the theorem
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Lipschitz stability
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c We can control C design stable filters
low c or learn them while penalizing
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stability
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Pf Exercise Check Gama et al 2019

3 Relative perturbations

Unlike dilations absolute perturbations do not

take the graph's edge weights into account
not meaningful



Meaningful perturbations
are a combinationof

the previous two

Relative perturbations modulo permutations
symmetric
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edge changes are proportional to the

local structure of the graph degrees
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save for a factor of ay bound is the same as for
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For high frequencies X there is no
stability

discriminabilitytradeoff filter isalways flat
not discriminative regardless of C

ff Check Gama et al 2019

Do what about GNNs

GNNs inherit the stability properties of their
convolutions

2 layer
Thom Let 1S h or ankNN and 5 a graph
perturbation modulo permutations
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2 If Pᵗ5P s É and all h Lipschitz
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only difference is numberof layers L

Pf Non restrictive assumptions
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satisfiedfor most NL Rell sigmoid etc
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Layer l is a perceptron with filter He
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L factor appears

same comments as for the respective filter
types apply

However while in the node domain the nonlinearity
has little effect normalized Lipschitz in the

spectral domain it is key



Nonlinearities havethe
effectof scattering

the

signal energy across the spectrum
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GNNS are more stable for same level

of discriminability than convs linearGNNs

GNN are more discriminative for same level

of stability than convs


