


































































Lecture 12 EN 553.744 Prof Luana Ruiz

Today stabilityof anns to graph perturbations

sampling
based ANN training

Step 1 Divide V in random batches VB VBz

number of batches will depend on batch size

hyperparameter youset

step2 batches for i 1 to number of batches do
elements in batch for j in Bi do
layers for e t to L do

Exe 6 EgCsjp xei3pHere

only the embeddings of je VB are

updated here

Hri Here 2EEre cY3j CXc3j

if semi supervised jÉf loss weigh

only look at training updatesonly com

set f puted for nodes inbatch



Back to stability

Why stability

1
graphs are susceptible to small perturbations but

GNN outputs should vary as little as possible

e.g GNN controller trained on offline trajectories
has to perform well in onlinetrajectories

2 Recall that permutation equivariance functions as

implicit data augmentation
2

suppose we observe 8 9

2 s label y at training i s

time but not 11 s
3

GNN learns to output 5ns



What label will the GNN output for node 11
automorphism P

hanomorphism
or

from thegraph
Regev s s

onto itself
S PSPT Px

so Py Hcp Ex
CS x y j
automorphism

We do not need to know ye at training time

only yn

In practice mostgraphs don'thave such automorphisms

symmetries but quasi symmetries

stability to perturbations ensures data augmentation
under quasi symmetries



To be more formal firstdefine

DEF Operator distance module permutations

714 Y'llp ftp Y l1Ptycx p'cptx1l

Equivariance to permutations of graphfilters
means I s s'll p 0 I Acs His Ip 0

Ifor GNNs 115 s'llp 0 11 s s p o

when 115 s lp E quasi symmetry
we want 11 s Ics'llp C E

why stability only to graphperturbations

Y É hr Sx

Linear in her

if y y'll K maxhr Xp E

if he hate y y'll x ʰI 1 C



graph convolutions are naturally
Lipschitz stable to perturbations in he

DEF Lipschitz stability continuity

A function f x to y is c Lipschitz stable

if I fix fix 11 c.li x x'll x x

or f x 11 C x

but graph convolution is nonlinear in S

more challenging stability

We'll study stability to 3 perturbation types

first forgraphconvolutions then forGNNs

1 Dilations

s ite s 1151511 Ells 1

edges scaled by 7 6 reasonable as edges

change proportional to their values

unrealistic as proportion is the same for alledges



I
no additions deletions possible

Thom Let s I E S and consider graphconvolutionH s If HCS is an integral Lipschitz filter
with constantC then

I HCS HCS 11 C E OCE

Quick detour Lipschitz and integral Lipschitz
filters

Recall that in the spectral domain

y His x EI hr sky has
frequency response

j hr it x ̅
I

am a p p.gg



Lipschitzfilters hex is Lipschitz i e est
lacx act'll CH

tiffin aninterval

E.g

19

min max

G
C Ca

C can be as large or as small as you
want

Larger C means the filter is more
discriminative



E.g

iii
min x2 7 man

same discriminability
at all frequencies

a Integral Lipschitzfilters C s.t

lack act'll C d 71 x x
1 711 2

within an
Lipschitz with a constant inversely interval
proportional to the interval's midpoint

2C
17 t


