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Last time conv GNNs cannotdistinguish graphs
with identical eigenvalues

yet many non isomorphicgraphs share
spectra

graph
isomorplusion not known to be solvable

in polynomialtime
we test is a workable heuristic

Today are GNNs are as powerful as theWitest
computational graphs
requirements for a powerful GNN

graph isomorphism network

How powerful are anns Xu et al 2019

Prop IfaGNN can distinguish between graphs
G Gz then so can the WL test

Pf We consider the AGGREGATE COMBINE

representationof GNNs



Ae AGGREGATE Kaija u Etco i

xe COMBINE Caeli Exe it 12

with permutation invariant READOUT layer

a READOUT Xe it V3 13

Suppose after e iterations Xa Xa but the WC

test cannot decide if G G are non isomorpho

from it j o to l in WC test G Gz
have the same color multisets c

color neighborhoods Cj u u E Nlr

If the WC test for V E G o E G

produces Cj oj3v o r then the
GNN always produces X a g301

Assuming x.lv x.ly 1 this clearly holdsforjo



Induction hypothesis
Suppose this holds for iteration j and

WL test outputs the same colors Caji to
and Cjt o o o i e

Cj v cj3u uercu Ccj v Cj u n EN

By the induction hypothesis at it j we must have

xj3v xj3u aercu Xj7m xj ul n'enlo

Since the same AGGREGATE COMBINE functions
are applied to both G Gz we have x xj3H

u u

By induction if Caj3r Ccj v1 u u then

xj to xj r u v at any ittj

This creates a valid map xj o g capo
u

hence



x Jo xj3u uerlo

g capo gccs.su new

Thus the Cx To Cxj o are the same for all
and due to permutation invariance of readout
so are Xa Xa proof by contradictiona

We have shown

ANN tells a a WL test tells a

apart G apart

For arbitrary GNNs is it true that

WC test tells an age GNN tell a a

apart apart

I e are GNNs as powerful as the WL test at

telling non isomorphicgraphs apart



E.g G Gz
4 1

5 0

in
a

can a IN tell them apart
In aggregate iambine form GCN is

given by
assume W 1 w.l.o.gg

x ReLU W MEAN Xj Da uerlo Ulu

G G
j s

112
1 I

y j 2

2
3
1 2 3

3 7 1

READOUT 1 1,1 READOUT 1 1,1

fails for any permutation
invariantREADOUT

Exercise Check if SAGE with MAX aggregation
x r MAX ReLU W xj u tu EN v7



can tell these graphs apart

not every GNN is as powerful as WL

Where do things break

G
I 1 Positive GCN

any perm
equivariant GNN forthatmatter

2 103 does not distinguish btw 183

this is great implicit data augmentation
mechanism

Negative
The GCN cannot distinguish btw nodes

1 3 2 in Gs
G
1 1

2 9



Define each node's computational graph

node 1 node 2 a node 3

1 I
1 2 is enough it is

the graph diameter
The issue with ACN is it is

mapping camp

graphs
to the same embedding

computationalgraph space
node 1 node 2 a node 3

I

embeddingspace I



Thom let an he be two graphs the WL test

decides are non isomorphic A GNN maps an
G to Gi I ar if the following hold

11 aggregates updates as

Exeto Exe o f exe a uENu

where y are injective

12 the READOUT function is injeitive

Pf sketch recallfrom Prop

o By induction if a o Cajdu u o then
x a Expo fool at any

it

This creates a valid map x
g Cj v

we need g to be injective

Let f be the hash fan in WL recall it is

bigictive for odor multisets



8

x v g f g 130 Ccj 13 u n e Not

bijective

xj g f g xj13v g cxj.ba uENCuBleft inverse
C Y o the ANN

to have
g injective we need the GNN to

be injective

if Y are injective the ANN is injective

y ann injective g is ann

injective injective is as

powerful
as WL


